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In this paper, we study the existence and uniqueness of a class of stochastic differential equations 
driven by fractional Brownian motions with arbitrary Hurst parameter H £ (0, 1). In particular, 
the stochastic integrals appearing in the equations are defined in the Skorokhod sense on frac- 
tional Wiener spaces, and the coefficients are allowed to be random and even anticipating. The 
main technique used in this work is an adaptation of the anticipating Girsanov transformation 
of Buckdahn [Mem. Amer. Math. Soc. Ill (1994)] for the Brownian motion case. By extending 
a fundamental theorem of Kusuoka [J. Fac. Set. Univ. Tokyo Sect. IA Math. 29 (1982) 567-597] 
using fractional calculus, we are able to prove that the anticipating Girsanov transformation 
holds for the fractional Brownian motion case as well. We then use this result to prove the 
well-posedness of the SDE. 
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1. Introduction 

In this paper, we study the wcll-poscdncss of a class of stochastic differential equations 
driven by fractional Brownian motions (fBM for short) with arbitrary Hurst parameter 
H G (0, 1) and with random coefficients that are possibly anticipating. To be more precise, 
we consider the following SDE: 



X t =X + f <j(s,X a )dB*+ f b(s,X s )ds, 
Jo Jo 



(1.1) 



where B H is a 1-dimensional fBM with parameter H and b, a are measurable random 
fields with appropriate dimensions. At this point, we do not assume that b and a are 
progressively measurable. 
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SDEs of this kind have been studied by many authors, mostly in the case where 
coefficients are deterministic, or linear (that is, b(t,x) = b(t)x and a(t,x) = a(t)x, where 
&(•) and it(-) are deterministic functions). The main difficulty is due to the fact that an 
fBM is neither a Markov process nor a semimartingale, except for H = i (in which case 
B H becomes a standard Brownian motion), thus the usual stochastic calculus does not 
apply. As a consequence, the study of the SDE depends largely on the definitions of the 
stochastic integrals involved and the results vary. 

We note that if a(t, x) = a is a constant, then the SDE is of the so-called additive noise 
type, and the SDE involves only the Wiener integrals. In this case the path regularity 
of the solution does not affect the solvability directly, and the SDE can be treated as 
an ODE with random input. We refer to, for example, [13, 15, 18] for such case. The 
case where a is not a constant, however, is much more complicated, since the path 
regularity of the fBM varies with the Hurst parameter H and the requirement for the 
path regularity of the solution varies accordingly. In particular, if H > i, then the paths 
of B H are essentially /3-H61der continuous for all (3 < H, hence a pathwise stochastic 
integral approach is quite effective (see, for example, [5, 12, 16, 17], to mention just a 
few). 

In the general case, especially when H < | , the path of fBM becomes rather "rough" 
and the pathwise approach for stochastic integrals and the SDE becomes more difficult, 
therefore other definitions of stochastic integrals have been introduced. Most notable 
is the divergence-type integration (or Skorohod integral), which is based on the idea 
of Malliavin calculus for Brownian motion cases. We note that these two definitions 
are essentially equivalent and exchangeable (see, for example, [1, 4, 6, 7] and references 
cited therein). However, similar to the Brownian case, one of the main difficulties for 
the Skorokhod-type SDEs is that the traditional Picard iteration is no longer effective 
and consequently the problem becomes rather subtle when the coefficients are nonlinear 
and/or random. Several extended Skorokhod integrals have been defined to circumvent 
such difficulties, with which some special forms of SDEs have been studied (see, for 
example, [10, 14, 19]). However, in most of the existing literature, the diffusion coefficient 
a has to be very carefully specified so that the subtle restrictions on the stochastic 
integrals are satisfied. For example, it is usually assumed that a — a(t, x) is deterministic 
or, even more explicitly, a linear function. In fact, to the best of our knowledge, there 
has not been any study of the case where both b and a are allowed to be random and 
anticipating, and, at the same time, the Hurst parameter is allowed to be arbitrary. 

More specifically, let us consider the following form of the SDE (1.1): 

X t =X + f a s X s dB? + f 6(s,A s )ds, £e[0,l]. (1.2) 
Jo Jo 

In the above, the stochastic integral is defined in the Skorokhod sense, Xq is any L p - 
random variable and the coefficients a and b can be random. Our main idea is to establish 
a generalized version of the anticipating Girsanov theorem in the fBM setting and then 
to follow a scheme developed by Buckdahn [3] to attack the well-posedness of (1.2). 

A major component in this method is the generalization of a fundamental theorem by 
Kusuoka [9] on anticipating Girsanov transformations. To be more precise, we study the 
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following transformations {Tf 1 ,t £ [0, 1]} on fractional Wiener space W: 

(T t H uj).=u>.+ [ K H (-,s)a s (T?u)ds, lo e W,t G [0, 1], (1.3) 
Jo 

where K H is the so-called reproducing kernel of the fBM B H . We prove that, with the 
right choice of underlying canonical space, the probability measure induced by such a 
transformation is equivalent to the original one. Furthermore, similar to the Brownian 
case, one can also explicitly identify the Radon-Nikodym derivative of the two equivalent 
probability measures. Consequently, one can solve the original SDE by solving a much 
simpler one on a new probability space. We should note that it is the fundamental nature 
of this method that restricts the diffusion coefficient to being linear. However, such a 
restriction notwithstanding, the novelty of our result lies in the fact that the diffusion 
coefficient can now be random and anticipating, and the drift coefficient can even be 
nonlinear, which is an improvement, even compared to the original result of Buckdahn 
[3] in the Brownian case. 

The rest of the paper is organized as follows. In Section 2, we briefly revisit some basic 
facts regarding fractional Brownian motion, fractional Wiener space and the Skorokhod 
calculus with respect to fBM. In Section 3, we study absolutely continuous transforma- 
tions on fractional Wiener space and present some of their properties, and in Section 4, 
we revisit the Girsanov theorem of Kusuoka [9] and derive a variation of the theorem, 
as well as some related results. In Section 5, we present the main result on anticipating 
Girsanov transformation (1.3) for fBM and, finally, in Section 6, we apply these results 
to stochastic differential equation (1.2) and prove the existence and uniqueness of the 
solution. 

2. Preliminaries 

Throughout this paper, we assume that (fl,J-,P) is a complete probability space and 
that for any H £ (0,1), there exists an fBM {B^;t > 0}, that is, a centered Gaussian 
process with covariance function: 

R H (s, t) ± E(B?B?) = i{N 2H + \t\ 2H \s t\ 2H }, s,t>0. (2.1) 

In this paper, we assume that all processes are defined on a finite duration [0, T] and, 
without loss of generality, we assume that T = 1. We shall define / = [0, 1] for simplicity. 
Let W = C (I; R) be the Banach space of continuous functions defined on I, null at t = 
and equipped with the sup-norm. Let T = B(W) be the topological a-field on W and \m 
the unique probability measure on W under which the canonical process B^{oj) =u)t, 
t(z I, is an fBM. (W, /iff) then form a canonical space. 

It is well known that an fBM can be represented as a Voltcrra-typc integral of a 
Brownian motion. To be more precise, if B H is an fBM with H £ (0, 1) on I, then it 
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holds that 

Bf=(K H {t,s)&B 1 J\ t£l, (2.2) 
Jo 

where K H (t,s) is a non-negative function defined on I 2 such that K H (t,s) = when 
s>t, and it can be written explicitly in terms of Gamma and Beta functions, as well 
as the so-called Gaussian hypergeometric function (see [8] for details). It is clear that 
R H (s,t) = K H (t,r)K H {s,r)dr for s,t£l. 
Next, we define an operator K H on L 2 (I) by 

K H f(t)= f K H (t,s)f(s)ds, teI,feL 2 (I), (2.3) 
Jo 

and denote the adjoint operator of K H by K H * . One can show that K H *5{ t }(s) = 
K H (t, s), s £ I, where 5{ t } is the Dirac J-function at t £ I. 

Let W* be the topological dual space of W and Hh the associated Cameron-Martin 
space of (W,B(W), fin), that is, the unique Hilbert space which is identified with its dual 
and is densely and continuously embedded in W such that, for any 77 £ W* , 

Jw 

Here, (•, •) is the dual product (•, -)w,w and fj £ Hh is the injective image of rj on W* . 
Let us denote by (•, ^2 and | • I2 the inner product and norm of L 2 (/), respectively. The 
following relations among the spaces Tin, L 2 (I) and W* arc useful (see [6], Theorem 
3.3): 

(i) Hh = K H {L 2 {I)). More precisely, there exists / £ L 2 (I) for any / £ Hh such 
that 

f(t) = K H f(t) = [ K H (t, s)f(s) ds. (2.4) 
Jo 

(ii) The scalar product on Tin is given by 

(f,g)n H = (K H f,K H g) HH = (f,g) 2 . (2.5) 

(iii) The injection R H from W* into Tin can be decomposed as 

R H r] = K H (K H *r]), V eW*. (2.6) 

Since W* is continuously and densely embedded into Hh, we define u)(h) = lim n (l n , u>) , 
where {l n }n C W* converges to h in Hh- By a slight abuse of notation, we also denote 

uj{h)=uj{K H h), h£L 2 (I), (2.7) 

when the context is clear. In what follows, we often denote Hh simply by H for a fixed 
H. 
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The following facts on fractional stochastic calculus can be found in [6]. We list them 
only for ready reference. To begin with, let A" be a separable Hilbert space and S(X) the 
class of all smooth cylindrical functions G:W h- > X of the form 

G{w)=g((h,u),...,{l n ,w))x, u;eW, (2.8) 

where n G N, g € C£°(R n ), l k € W* for k = 1, . . . , n and x G X. We denote S = S(R). 
Clearly, for any G € S, we can find n G N and g G C£°(R") such that 

G((j)=g((j tl ,...,u tn ), weW,0<ti<...<t n <l. (2.9) 

Wc now define two derivatives of G G S(X) by 

n 

D H G(u) = fifflWi, w), . . . , (/„,a>))i? ff ft) ® x, 

£=1 
n 

DG(w) = d i9((h , w), • • • , (Zn, w) ) ft) ® x, 

i=l 

Then, clearly, D n G GH.0X, but DG G L 2 (I) X. Consequently, the directional deriva- 
tives of G G S(X) on Ti and L 2 (I) arc defined by 

D%G = (D H G,h) H , heH; D h G=(DG,h) 2 , heL 2 (I). 
Furthermore, from (2.6) and (2.5), we have, for to G W, 

D n G(uj) = (K H D)G(Lu) and D%G(uj) = D h G(u), \ih = K H h. (2.11) 
We now introduce two norms in 5(<Y) (denoting 1 1 • 1 1 2 to be the norm of L 2 (W)), 

l|G||& = (\\\G\x\\i + \\\D n G\ H9 x\\l) 1/3 ^d ||G|| lj2 = (|||G|*||1 + UIDG^U^ 2 , 

and denote the closure of S(X) with respect to |j • ||^ 2 (resp., || ■ || 1.2) by H>]f(X) (resp., 
B 1 ' 2 (X)). The (Sobolev) spaces D]f(X) and B l > 2 (X) are then the domains of D n and 
D, respectively. In fact, one can check that H>)f(X) = B 1 > 2 (X) from (2.11) and (2.5). 
Finally, we define D 1 '°°(A') to be the space of all G G B 1 ^ 2 (X) such that 

||G||i,oo = \\\G\ x \\ 00 V\\\DG\ 29 x\\ o<oo. 
The following facts about the derivative D are worth noting: 

(i) Chain rule. For any random vector G = (Gi, . . . , G n ),n G N, where {Gi}™ =1 C D 1,2 , 
and g G C£(R n ), one has , 9 (G) G ED 1 ' 2 and 

n 

A[<?(G)]=£><?(G)AGi, tel. (2.12) 
{=1 



(2.10) 

ujEW. 
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(ii) ([2], Proposition 2.5) If G £ D 1,00 C O 1 ' 2 , then for any e > 0, there exists a sequence 
{G n } n C S C D 1 ' 00 which approximates G in D 1 ' 2 and which satisfies, for any n, 

H^Hoo <|^||oo and HlDG^Ialloo^e + HpGlalloo. (2.13) 

As in the Brownian case, the Skorokhod integral with respect to an fBM is defined as 
the adjoint operator of the derivative operator. Namely, the integral 8 n {u) (resp., S(u)) 
is defined as the element in L 2 (W) such that for any G £ S, 

E, lH [G8 n (ti)] = E, lH {(D n G, u) H ], u £ 5(H), 
(resp., E, lH [G5{u)]= E, lH [{DG,u) 2 l u£S{L 2 {I))). 

From (2.11), S H (u) = S(u) if u = K H u, hence, in what follows, we often consider only 
6. As usual, we denote the domain of 6 by Dom((5). Then Dom((5) C L 2 (W ; L 2 (I)) and 
a process u G Dom(5) if, for any G G S, it holds that \E^ H [(DG,u)2}\ < c|| C|| 2 , where 
c is a constant depending on H and u. It can be shown that D 1,2 (I/ 2 (/)) C Dom(5). 

We note that the spaces L 1 - 2 = L 2 (/;ID) 1 ' 2 ) and L 1 ' 00 = L 2 (/;D 1 '°°) are useful. They are 
isomorphic to D 1 ' 2 (L 2 (/)) and D 1 '°°(L 2 (/)), respectively. Thus, L 1 ' 2 C Dom(<5) and one 
can show that 

IW«)ll2<IMIi l2 = / IKIIi l2 dt. "eL 1 - 2 . (2.14) 
Jo 

We end this section by introducing an important dense subspace of L 1,2 : the space of 
all smooth real- valued step processes, denoted by L 5 , whose generic element is of the 
form 

u t {u>)=gt(u tl ,.--,vt n ), 0<ti <---<t n <l,(t,w)elx W, 

where g.Ix R" i— > R is a bounded measurable function such that gt(-) € C^°(R") for 
each tel. Similar to the space D 1,2 , the following counterpart of (2.13) holds (see, for 
example, [2], Proposition 2.6): For each u £ L 1,00 C L 1,2 and any e > 0, there exists a 
sequence {«"}„ C L 5 which approximates u in L 1,2 and is such that, for any n, 

[ ||<HLds< / IKII^ds and [ \\\Du^\ 2 \\ 2 o0 ds<e+ [ \\\Du s \ 2 \\lds. (2.15) 
Jo Jo Jo Jo 

3. Absolutely continuous transformations on Wiener 
spaces 

In light of the anticipating Girsanov transformation in the Brownian case, we now intro- 
duce the notion of absolutely continuous transformations on fractional Wiener spaces, 
this being an important component of the fractional Girsanov transformation. The dif- 
ference here is that in a fractional Wiener space, such a transformation naturally involves 
the reproducing kernel. We shall verify that all the desired properties in [3] still hold. 
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Consider the fractional Wiener space (W, H, fi) = (Cq(I; M.),Hh, I^h) with a fixed Hurst 
parameter H G (0,1). We say that a transformation T :W t-*W is absolutely continuous if 
the image measure /ioT _1 is absolutely continuous with respect to [i. The transformation 
T is called invertible if there exists a transformation A such that T(Auj) = A{Tlo) = lu 
for all u> G W. Central to this paper is the transformation 

Toj = T h uo = uo+ (K H u){u) =uj. + [ K H (•, r)u r (w) dr, (3.1) 

Jo 

where u G L 2 (W;L 2 (I)) is often called the s/ii/t process of transformation T. We first 
state two basic properties of the transformation T. 



Proposition 3.1 (Lipschitz condition). Let T 1 and T 2 be transformations with shift 
processes u 1 and u 2 , respectively. Assuming that either G G S, or G G D 1 ' 00 and T 1 , T 2 
are absolutely continuous, it holds that 

|G(T 1 o;)-G(T a w)|<|||DG| a || oo ry' 1 |«i(w)-«2(a;)| 2 d^ ; , /,-a.e. (3.2) 

Proof. We first note that if G G 5, then the result (3.2) can be obtained directly by 
using the definition of derivative D and (2.9). 

We thus consider the case where G G D 1,oc and T 4 , £ = 1,2, are absolutely continuous 
with Radon-Nikodym derivatives (or densities) L z ,i = 1,2, respectively. By virtue of 
(2.13), there exists a sequence {G"}„ C S such that {G™}„ converges to G, /i-a.e. Thus, 

^{|G™(T l ) - G(r)|} = £ M {|G" - G\V} as n - oo,£ = 1, 2. 

By choosing a subsequence if necessary, we assume that the sequence {G n (T l )} n con- 
verges to G{T l ) /i-a.e., £ = 1,2. On the other hand, since G n £ S for every n, using (3.2) 
and (2.13), we see that for any e > and fi-a.c. u> G W, it holds that 



\G n (T^) G n {T 2 u)\ <{e+\\ \DG\ 2 \U Qf * | u » - U 2 H| 2 ds) 



1/2 



It follows that for any e > and /x-a.e. w G W, one can choose n large enough such that 

|G(T 1 ^)-G(T 2 w)| 
< IG^ 1 ^) - G™(T x a;)| + IG^T 1 ^) - G"(T 2 u;)| + \G n {T 2 Lo) - G(T 2 w)| 

1/2 



[i-a.e. 

The result follows by letting e — > in the above. □ 
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Proposition 3.2 (Chain rule). Let G £ ID) 1 ' 00 and T be a transformation with shift 
process u g L 1,00 . Assume that either G GS or T is absolutely continuous. Then G(T) € 
IS 1 ' 00 and, for any s E I, 



D s [G(Tu)] = {D s G){Tu>) + f {D r G){Tu){D s u r ){u) dr, 

Jo 



[i-a.e. 



(3.3) 



Proof. We begin by assuming that G € S is as in (2.9). Then 

G{Tu) = g((Tcj) tl (Tu) tn ) = g(G 1 (u), G n (u)), u;eW, 

where Gi(u>) = (Tw) tj , i = 1,.. .,n. By (3.1), (2.10) and the property of K H *, we have 

D a Gi(u) = D B [(Tu) ti ] = D B [{5 {u} ,u) + (6 {u} ,(K h u)(lu))} 
= K H *5 {U } (s) + D s [(K H *S {uh u{u)) 2 ] 

= K H (U,s)+ [ K H (ti,r)D s u r (oj)dr, seI,ujeW. 
Jo 

Thus, Gi £ ID 1 ' 00 , i = 1, ... ,n, since u S L 1 ' 00 . Now, applying the chain rule (2.12), we 
have 

D s [G(Tlu)} = D s [g(Gi(u>), . . . ,G„(w))] 

= £ dig(Gi(u), . . . , G n (w)) (V H (t 4 , s) + jf * r)£> s u r (u;) dr 



(L» s G)(Tw)+ / (D r G)(Tw)D a u r (u)dr, s € i> € 
Jo 



ir. 



Hence (3.3) holds when GeS. 

To show that G(T) e ED 1 ' 00 , we integrate the squares of both sides of equation (3.3) 
and then take the L°°(W)-norm. Letting C u = L \\u r \\f ^dr = ||it||i oo, we have 



< 2 



\D s [G(T)}fds 
l 

o 



|(D s G)(T)| 2 d S 



|(D r G)(T)| 2 dr 



/o Jo 



< 



2(1 + C u ) 



\(D s G)(T)\ 2 ds 



\D s u r \ 2 dr ds 
= 2(1 + G„) 



(3.4) 



/ \D s G\ 2 ds 
Jo 



< oo. 
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Note also that since HG^)^ = ||G||oo < oo, it follows that G(T) g B 1 - 00 . 

Now consider the general case G € O 1 ' 00 , but assume that T is absolutely continuous 
with density L. We choose a sequence {G™}„ C S satisfying (2.13) with e = 1. Since 
G n (T) g B 1,00 for any n by the previous part, using a similar argument as for (3.4) and 
(2.13) with s = 1, we obtain that for any n, 

/V s [G"(T)]| 2 d s 
Jo 

Hence {G"(T)}„ is bounded in B 1,00 . Next, since G m -G n eS for any m, n g N, replacing 
G by G m — G" and taking expectation instead of L°°(W)-norm in (3.4), it follows that 

\D s [G m {T) - G n (T)}\ 2 ds\ < 2(1 + C^E^J \D s (G m - G")(T)| 2 ds|. 

Therefore, recalling that {G™}„ converges in D 1,2 and letting m,n^ 00, we sec that 

\\G m {T) - G n {T)\\\ 2 < E\L(G m - G")| 2 + 2(1 + C u )e\l J \D s (G m - G")| 2 dsj -» 0. 

In other words, the sequence {G n (T)}„ converges in D 1 ' 2 and is bounded in B 1,0 °, which 
implies that {G"(T)}„ converges to G(T) g B 1 ' 00 . Consequently, by first setting G" g 5 
in (3.3) and then letting n — ► 00, we see that (3.3) holds for G g B 1 ' 00 , proving the 
proposition. □ 



<2(1 + G„) 1 + 



\D s G\ 2 ds 



To end this section, we present the following proposition concerning the limiting be- 
havior of the random transformation T. 



Proposition 3.3. Let {T"}„ be a sequence of absolutely continuous transformations 
with respective shift processes {u n } n C L 2 (W;L 2 (I)) and densities {L n }„. Assume that 

(i) {L n } n are uniformly integrable; 

(ii) {u n } n converges to u in L 2 (W ; L 2 (I)) . 

The limiting transformation T defined by Tlo = u + K H u(cu) is then also absolutely con- 
tinuous and its density L is the limit of {L n } n in L 1 (VF). Furthermore, if {G n }„ is a 
sequence of uniformly bounded random variables which converges to G £ L 2 (W), then the 
sequence {G"(T™)}„ converges to G(T) in L 2 (W) as well. 



Proof. Let {T™} and T be as defined. Applying the Cauchy-Schwarz inequality on the 
sup-norm of W and using assumption (ii), we have, for fi-a.e. us, 



\T n c 



Tu>\ 



A 



sup 

s£l 



K H (s,r)(u?(us)-u r (uj))dr 
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< sup 

s£l 



\u?(u)-u r (u)\ 2 dr 



1/2 



That is, {T n } n converges to T. Hence the sequence of measures {//o (T n ) 1 }„ converges 
to /ioT -1 , T is absolutely continuous and L is the limit of {L n } n under the assumption 

To see the second half of the proposition, note that for any n, 

E\G n (T n ) - G{T)\ 2 < 2E\G n (T n ) - G n {T)\ 2 + 2E\G n (T) - G(T)\ 2 
< 2E\G n (T n - T)\ 2 + 2E\(G n - G)L\ 2 . 



Applying the result of the first part and using the fact that {G n } n is uniformly bounded, 
the result follows immediately. □ 



4. Kusuoka's theorem revisited 

In this section, we turn our attention to the Girsanov transformation on fractional Wiener 
spaces. In light of the Brownian case, an important tool for studying such a transforma- 
tion is a general theorem by Kusuoka [9] . We shall first revisit this theorem and establish 
some basic characterizations of the operators involved, in the context of fractional Wiener 
spaces. 

First, let X,X' be two separable Hilbert spaces and let Zi{X,X') denote the space of 
all Hilbert-Schmidt operators from X into X 1 . 

Definition J^.l. Let F be an X -valued function defined on W. F is called an H.-C 1 
map if for fi-a.e. u> £ W , the map h i— ► F(cu + h) is a continuous Frechet differentiable 
function on Ti and its Frechet derivative D n F(ui + -):7i>— > £ 2 (W, A") is continuous. 

It is known that any Ti-C 1 map belongs to Dom(<5 w ) (see the corollary to Theorem 
5.2 in [9]). For a generic space V, let ly be the identity map on space V and define the 
Carleman-Fredholm determinant of Ix + B for B £ £2 (A, X) by 

00 

d c (I x + B) = H(l + \ j )e- x t, (4.1) 

3=1 

where the A^'s are the non-zero eigenvalues of B, counting multiplicities. Note that 
d c (-) :C2{X , X) 1— ► R is continuous. Moreover, if B is a nuclear operator, then 

d c (I x + B) =det(/^ + S)cxp(- traceB). (4.2) 



The following result of Kusuoka [9], Theorem 6.4, is crucial. 
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Theorem 4.2 (Kusuoka). Let K be an H-C 1 map from W to Ti. Assume that for 
[i-a.e. u> £ W , the mapping Iyy + K :W i— > W is bijective and In + D^K^lo) :H^H is 
invertible. Then + K)^ 1 ji(duj) = \d(u>; K)\jjL{duj), for [i-a.e. to <G W , where 

d(w; K) =d c {I H + D n K(cj))cxp{-6 n K(u;) - \\K{u)\ 2 H }. (4.3) 

That is, Efi[G(Iw + K)\d{-\ K)\] —E^G] for any random variable G on W. 

From the theorem, we see that the transformation involves the Carleman-Fredholm 
determinant of C 2 (H,H), as well as the 7i-norm of the map. A more convenient version, 
which we now present, recasts the theorem in terms of L (I) instead of H. 

Theorem 4.3. Let u:W i— > L 2 (I) be a measurable mapping and T a transformation 
defined by 

Toj = uj + (K h u)(uj) =uj. + [ K H (-,r)u r (uj)dr, ujeW. 



Assume that the following conditions hold for /i-a.e. lu € W : 

(i) T is bijective. 

(ii) There exists Du{w) € L 2 (I 2 ) such that for any h £ L 2 (L), 

(1) /i i— > Du(lu + K H h) is continuous from L 2 (J) into L 2 (I 2 ); 

(2) |«.(w + K H h) -u.(lu) - (D.u(u;),h) 2 \ 2 =o(\h\ 2 ) as\h\ 2 ->0; 

(3) the mapping Il 2 (i) + Du(lv) :/ih> h + (Du.(uj),h(-)) 2 is invertible. 

The measures /i and pT _1 are then equivalent and A = T~ X has the density 
d[t "° d A ~ 1] (u;) = \d c (I LHl) +Du(uj))\ 

x expj — 8u(uo) — -\u{uo)\\\ 1 p:-a.e.,iv 6 W. 



(4.4) 



Proof. We shall check that K u = K H u :W ^H satisfies the hypotheses in Theorem 4.2. 
To see this, for any h £ H, let h e L 2 (L) be such that h = K H h and \h\ n = \K H h\n = 
\h\2, by virtue of (2.4) and (2.5). Hence the mapping h = K H h i— > D n K u (ui + h) = 
(K D)(K h u)(uj + K h) is continuous under condition (h)(1). Moreover, by the def- 
inition of the 7i-norm, one has 

\K u (uj + h) -K u (lj) -D H K u {Lu){h)\ H = |«(w + K H h) - u(lj) - (D.u(cj),h(-)) 2 \ 2 . 

Therefore, K u = K H u is an H-C 1 map, thanks to assumption (h)(2). Next, note that T = 
L\y +K U is bijective by assumption (i). Finally, observe that if h' = (Il 2 (i) + Du{uj))(h) = 
h + (Du(to), h) 2 for a fixed u>, then 



{I H + D n K u {u)){h) =h+ (D n K u (co),K H h) H = K H h + (D(K H u)(uj), h) 2 = K H h 
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Thus, assumption (ii) (3) implies that In + D n K u (u>) is invertible on 7i. 

We can now apply Theorem 4.2 to conclude that the measures /i and /i o T _1 are 
equivalent. In order to verify the density (4.4), we first note that the operators D n K u (iu) 
and Du(ui) have the same eigenvalues, so d c (I L 2m + Du{u)) = d c {Iu + D h K u {lo)) by 
definition (4.1) of the Carleman-Fredholm determinant. It therefore follows from (4.3) 
that 

\d(u;K u )\ = \d c {I n + D n K u (Lo))\eM~6 H (K H u)(Lo) - \\K R ' u{u)\ 2 n } , 
proving (4.4), and hence the theorem. □ 

Now, for a given H > and a g L 1,00 , we consider the following family of transforma- 
tions {T t H ,teI} on W: 

{T t H w)Au s + {K H {l m {.)a.{T H u))) s 

4.5 

r tAs 



l*Z/\S 

/ K H (s,r)a r (T r H w)dr, 
Jo 



s€l. 



In what follows, for notational simplicity, we often drop the index H from T H and A H , 
if there is no danger of confusion. We note that the family {T t } is defined via differential 
equation (4.5) and therefore the following wcll-poscdness result is important. 

Proposition 4.4. Assume a GL 5 . Then (4-5) defines a unique family of transforma- 
tions {T t }t£i- Moreover, T t is bijective for each t £ I. 

Proof. We assume that a £ L 5 takes the form at {uS) = ft (u>ti > ■ ■ ■ > &t n ) , where = to < 
ti < ■ ■ ■ < t n < 1 is any partition of [0, 1] and f :I X M™ i — s- IR is bounded and measurable 
such that f t € C£°(K n ) for each tel. There then exists C a > such that for all tel. 

\a t (u)\<C a and \a t (u>) - a t (w')\ < C a \u; - u'\ w , w,u>' eW. (4.6) 

Consider now the following differential equation of Volterra type: 

ptAs 

^(w)=w a +/ K H (s,r)a r (C(uj))dr, s,tel. (4.7) 



We show that this equation has a unique solution and that the mapping 1 1— ► ^(u)) is 
continuous in W for all ui e W. To this end, let w e W be given and define the Picard 
iteration as follows. For each t e I, we define ^ ,0 (w) = ui s for s e I, and for n > 1, we 
define 

A /-tAs 

£- n (Lu)=Lj s + i<r H (s,r)cr r (f"- 1 (a;))dr, s,ieJ. (4.8) 
Jo 

It is obvious that for fixed £ € /, £*'™(a;) € PF for all n. Moreover, for t < £', one has 



\e ' n (u)-e' n (u)\w<c aS u V 

sEl 



/■t' As 

/ K H (s,r)dr 

J tAs 
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thanks to (4.6). Consequently, the mapping 1 i— ► is continuous in W . This, together 

with the Lipschitz condition on a in (4.6), implies that the mapping 1 1— > cr t (^ t, ™ _1 (w)) 
is also continuous and hence the iteration in (4.8) is well defined. Furthermore, applying 
(4.6) and the Cauchy-Schwarz inequality, one can prove by induction that 

/"in-in/2 s~in 
|£t,n (w) _£t,n- l(w) | Hr <_ 2 _<a n S N. 

Vn! Vn 



The existence and uniqueness of the family of pathwise W- valued solutions {T t uj, t G 7} = 
{£*(w),t G /} of (4.5) for uj *EW then follow from some standard argument for ordinary 
differential equations. 

To prove the bijcctiveness of T, we first note that an argument similar to that above 
also shows the well-posedness of the family {^4^,0 < v < t} defined by 



(A Vit u)) s = uj s - I K H (s,r)a r (A r jUj)dr 

(4.9) 

! />V/\S 

K H (s,r)a r (A r . t uj)dr + K H (s, r)a r (A r . t Ld) dr, w G W. 
Jo 

On the other hand, by (4.5), we have, for < v < t and u> G W, 

{T v {A 0>t uj)) s = (A 0>t uj) a + / K H (s,r)a r (T r A 0>t uj)dr (4.10) 

Jo 

K H {s,r)a r (A r:t u))dr+ I K H (s, r)a r (T r A , t u) dr. 



Comparing equations (4.9) and (4.10), we see that A V) t — T v (Ao t t), < v < t < 1, thanks 
to the uniqueness of T and A. Similarly, it can be shown that A lKt (T t ) = T v , < v < t < 1. 
We now define A t = A , t , t G I. Then T t {A t uj) = T t (A , t u) = oj and A t {T t uj) = A 0>t (T t cj) = 
cu for any co G W. To wit, T t is bijective for any t G / and A t is the corresponding inverse 
transformation. □ 

It is worth noting that if a G L , then the families {T t } tg /, {j4i ) ,t}o<, ; <t<i and {A t }tei 
satisfy the following relations: 

T v A t = T v Ao tt = A V;t and A v>t T t = T v , 0<v<t<l. (4.11) 

We now show that T and A satisfy the rest of the conditions of Theorem 4.3. 

Proposition 4.5. Assume that cr G L . The families {T t } and {A t }, defined by (4-5) 
and (4-9), respectively, then satisfy condition (ii) of Theorem 4-3. 

Proof. We first rewrite (4.9) as 

{A v>t co) s =lj s - (K H {l [v ^{-)a.{A. :t Lu))) s , w G W,0 < v < t < l,s G I. (4.12) 
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We show that, for fixed < v < t < 1, the mappings = l\o t t](j(Toj) and u 2 (uj) = 

1[ v ^(-)(t.(A.juj), satisfy the respective conditions for ui g W. We shall prove this only for 
u 1 (hence T) since the argument is similar for u 2 (or A). 

Assume that a £h s takes the form tr t (w) = /t(wt l; . . . , w*„), = fo < h 
as in the proof of Proposition 4.4, with f t g C£°(K. n ) for each t g I. We choose a complete 
orthonormal basis {ei};gN in L 2 (I) such that for i = 1, ...,n, 

ei(«) = (ti - ti-i)-* [^(ti,*) - #r H fe_i,s)]- 
Next, we define a function g on 7 x K™ such that for each i = 1, . . . ,n, 

g t (...,x i ,...) = f t ^..,^(t k -t k - 1 ) H x k ,..^J, tel. (4.13) 

It is obvious that gt g C£°(R™) for any f G / and dig is bounded for any i. Using the 
notation Loifii) for uj g W as in (2.7), we deduce from (4.13) that 

ctH = /t(w tl , . . . , w t J = 5t(- ..,(*»- U-iY H (u ti - tJu-J, ■ ■ ■) 
= g t {. . . , ((K^y'e^Lo), . . .) = 0t(w(ei), . . ,,w(c)). 
Substituting T t w for w in the above, we have 

a t (I» = / t ((T t o;) tl , . . . , (T t Lj) tn ) = fft ((T t w)( ei ), . . . , (T t w)(e„)). (4.14) 
By the definition of T t (4.5), we see that for any i g N, 
(T t uj)(e, t ) = w(ei) + ff ff (l [ o, t] 0-(Tu;))(e i ) 

= w( ei ) + ((Jf^'J-^.Jf^Cl^trCTw))) 
= u>(e») + (ei,l[ ,t]o-(Tw)) 2 

= cj(e 4 )+ / e i (s)g s ((T s uj)(e 1 ),...,(T s uj)(e n ))ds. 



(4.15) 



Since (T t w)(ei) = w(e,) when i > n, the mapping w i— > (Tiu;)(ej) belongs to 5 for any 
te / and i g N. Therefore, cr(T) = {er s (T s ),s g 7} g L 5 from (4.14) and consequently 
u 1 (w) = l[ .f]cr(Ta') satisfies both parts (1) and (2) of condition (ii) of Theorem 4.3. 

It remains to check condition (h)(3). First, for each h g L 2 (I), applying the chain rule 
(2.12) and taking directional derivatives on both sides of equation (4.16), we have, for 
fixed t g I and i g N, 

D h [(Ttw)(ei)] 

(4.16) 

= (et, h) 2 + / e t ( s )V%((T s w)(ei), . . . , (T s u)(e n ))D h [(T s co)(e k )] ds. 
Jo fc=i 
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Since er(T) is of the form (4.14), equation (4.16) can be written as 

D h [(T t u)(ei)} = (a, h + (D[l M a(Tu))],h) 2 ) 2 , h £ L 2 {I), i e N. 



(4.17) 



Now, if h S L 2 (I) is such that h + {D[l [0yt] a{Tuj)},h) 2 = 0, then D h [{T t u){e^j\ = for 
any i in (4.17). Therefore, (h, e^2 = for any i, from (4.16), and hence h — Q. In other 
words, the mapping Il 2 {i) + -D[l[o,t] cr (^ a; )] :L 2 (I) i— > L 2 (I) is injective, and consequently 
bijectivc, which is condition (h)(3) of Theorem 4.3. This concludes the proof. □ 

The following proposition will play an important role in the subsequent proofs. 

Proposition 4.6. Assume that a £ L 5 , and let T and A be families of transformations 
of the form (4-5) and (4- 12), respectively. Then 

(i) for < v < t < 1, s £ I and fx-a.e. to £ W, 

D s [a t {T t io)\ = (D s a t )(T t to) + f {D r a t ){T t uj)D s [a r {T r u)]dr, 

Jo 

D s [o- v (A v jlj)] = (D s o- v )(A V!t u) - / (D r a- v )(A Vit uj)D a [o- r (A rt tOL))}dr; 

J V 

(ii) for [i-a.e. to £W , the Carleman-Fredholm determinants of Ij^i^ + D[l[ Q ^a(Tu>)} 
and Il 2 (i) — D[l[ Vt i\(-)a.(A. tt u))], <v < t < 1, are 

( d c (I L 2 (I) + D[l [0tt] a(Tuj)}) 

t r s 



exp 



(D r a s )(T s uj)D s [o- r (T r u>)] dr ds >, 



d c (I L 2 {I) -D[l [v ° t] (-)a.(A.^)]) 



(4.18) 



exp 



(D r a s )(A Stt uj)D s [a r (Ar,tu)] drds 



Proof, (i) It again suffices to prove the result for T. Recall that in the proof of Propo- 
sition 4.5, we actually proved that {a t (T t ) 7 t £ 7} <E L 5 , provided a £ h s . Hence a t £ S 
and <Jt(T t ) £ S for any fixed t. The conclusion (i) then follows easily from Proposition 
3.2. 

(ii) Let a £ L 5 and the orthonormal basis {ei} of L 2 (I) be as in the proof of Proposition 
4.5. o-(T) is then of the form (4.14). Since D[l [0it] a(T)] £ C 2 (L 2 {I), L 2 {I)) is a nuclear 

operator, using (4.2) and the notation D t = D ei , for any N >n, we have that 
d c {I L 2 {I) +D[l m a(Tcj)}) 



A 



det(/ L2(J) + D[l M a(Tu)]) exp(- tTaceD[l [0tt] a(Tu)]) 



:det[(e i ,e i ) 2 + (ei,D j [l [0 , t ]^(Tuj)]) 2 \ i j =1 



(4.19) 
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-i N 



x cxp< — trace 



Dj[a s (T a u>)]ei(s) ds 



= det[D i [(T t w)(e j )]]^ =1 fflcp|- jf D s [a s (T s uj)} dsj, 

where the last equality is obtained by substituting ej for /i in (4.17) and using the 
definition of derivative. 

Let us now define, for each i,j,k=l,...,N, Pij (t) = Dj [(Ttw)(e,)] and 

TT e *( fi ) d fc .9 s ((7>)( ei ), . . . , (T s w)(e„)), 1 < i < N, 1 < fc < n, 

u ik {s,u>)-^ l<i<N,n + l<k<N, 

and denote the matrices P = [Pij^j—i and U = [Uik]^ k=1 - Substituting ej for h in (4.16), 
we derive that for 1 < i,j < N, 

P«(t) = (e ij e i ) 2 + / y)ei(*)fl fc 5,((T,w)(ei),...,(r 8 w)(e n ))D i [(T,w)(e fc )]d«, tel. 
Jo fc=i 

That is, P(t) =In + / ' [UP](s) ds, t G /, where /jv is the N x N identity matrix. Hence 
det[D i [(T t w)(e i )]]^ =1 = det (P(t)) = ex p{^ trace f/(s) ds 

= exp|^ ^e i (s)9i 5s ((T s a;)(e 1 ),...,(T s w)(e„))ds| (4.20) 

= exp|y (D s cr s )(T s w)ds|. 
Therefore, combining (4.20) and Proposition 4.6(i), the determinant (4.19) becomes 
d c (Iv>( I) +D[l M a(Tw)])=exp{J (D s a s ){T s w) dsj expj- J D s [<t s (T s uj)} dsj 

= exp|-y y (D r <T s )(T s w)D s [iT r (T r a;)]drds|, 
proving (ii), and hence the lemma. □ 

5. An anticipating Girsanov theorem for fBM 

We are now ready to prove the main result of this paper: the anticipating Girsanov 
theorem for fractional Brownian motions, which can be stated as follows. 
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Theorem 5.1. Assume that a G L 1 ' 00 . There then exists a unique family of abso- 
lutely continuous transformations {T t ,t € /} such that (4-5) holds and the process 
a (T) = Wt{Tt),t G /} belongs to L 1,00 . Moreover, the transformation T t is invertible 
for each t <E I and its inverse transformation A t has density, for /i-a.e. uj G W , 

A d^oA^ 1 } 

AM = — - (w) 



exp|-5(l[ ,t]O-(Tw)) - i y |cr s (T s cj)| 2 ds 



(5.1) 



JO 



{D r o- s ){T s Lo)D s [(T r (T r u))] drds 



Remark 5.2. (i) By applying Propositions 4.4-4.6 and Theorem 4.3, we can show that 
Theorem 5.1 holds for a G L 5 C L 1 ' 00 . 

(ii) Theorem 5.1 also shows that there exists a unique family of absolutely continuous 
transformations {A v t ,Q < v < t < 1} satisfying (4.9) with their inverse densities 



{•)cT.(A. lt w)) — ^ J \a s (A. %t uj)\ 2 ds 
t r t 

(D r a s )(A Stt w)D s [a r (A ryt Lu)} drds \, /i-a.e. 



(5.2) 



In other words, the density of T t , the inverse of A t , is 

L t (u) = d ^° d Tt \ u) = Lo, t (w), /x-a.e.,o;G W. (5.3) 

Before we prove Theorem 5.1, let us carry out a quick analysis. First, recall from 
(2.15) that there is a sequence {cr n } n C L 5 such that {<r n } n approximates a in L 1,2 
and {||cr™|| i j00 }„ is bounded by ||er||i jO0 = C„. By Remark 5.2(i), we can find a family of 
invertible, absolutely continuous transformations {T", t G I} n satisfying 

{T t n Lu) s =LU s + / K H {s,r)cr?{T?Lu)dr, w G W, s G I. 
Jo 

Furthermore, the transformations {T",t G /}„ and their inverses {A™,t £ I} n have den- 
sities and {£"}„, respectively. In the following discussion, we shall focus only on 
the particular sequences {cr™}, {T n } : {£"}, {A n } and {£"} for the given a G L 1,00 and 
we collect some important properties of the "shift processes" {a n (T n )} and densities 
{L n } in the following lemma. 

Lemma 5.3. (i) The sequence of processes {a n (T n )} is bounded in L 1,00 ; 
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(ii) the family of densities {L™ = d ^'°^ - — , t £ 1} is uniformly integrable; 

(iii) the sequence {a n (T n )} = {a^ (T t n ) ,t € 7} is convergent in L 2 (W ; L 2 (I)) . 

Proof, (i) We first verify the boundedness of the derivatives of {o~ n (T n )}. To this end, 
we apply Proposition 4.6 to a n and T n to obtain 

D s [aUTn) = (D s a"KTn + ( {D r <%){T?)D.[a?{T?)] dr, M -a.e, s,t€l. 

Jo 

It then follows from the- Cauchy Schwarz inequality and Gronwall's lemma that 

J IIW(2T)]|ilUdf<2C2exp|2^ ||| J D C 7ri2lloodt|<2C2exp{2C2}. (5.4) 

Combining (5.4) with the fact that /<, \\a? (T?)^ dt < C 2 for every n, we have 

/ IK(T t ")||? i00 dt<C2 + 2^exp{20, neN, (5.5) 
Jo 

proving (i). 

To see (ii), we choose cj>(x) = x\ \nx\. It then suffices to show that 

sup E{4>(Ul)}= sup £{Z£|lnL?|}<oo. (5.6) 

t£l,n£N te/.neN 

From the definition of density, we have (L™) _1 = £™(A"), t € I, for any n € N. Therefore, 

E{L?\\nL?\} = E{L?\ ln£?(A?)|} = £{| m£«(^TO|} - #{| ln£?|}- 
Using (5.1), wc obtain 

1 '* 



A T 

= h+h+h. 



E{\lnC?\}<E{\8(l [0>t] a n (T n ))\}+El- / W(T?)\'ds 



E 



t r s 



{D r o-:)(T:)D s [a n r {T?)]drds 



io Jo 

We shall find the upper bounds for i — 1, 2,3. First, note that for each n, and t € I, 
h < \\6(l [0 , t] a n (T n ))\\ 2 < |K(T™)|| 1)2 < K(T")|| li00 < (C 2 + 2C^ cxp{20) 1/2 , 

where the second inequality is obtained by applying (2.14) and the last inequality by 
applying (5.5). Next, since |||<7 n |2|joo < C a for any n, h < \C 2 for all t. Finally, applying 
the Cauchy-Schwarz inequality, we have 

/ 3 < f/ 1 / 1 IK^rOC^IlLdrdaV 72 ^ 1 jT 1 ||^k?(^)]||2odrd» N ^ 
< C a ■ sf2C a exp{(^} = V2C 2 a exp{(%}, t e 7, 
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where the last inequality is due to (5.4). Consequently, E{\ ln£"|} = E{Lf\ hiL™|} is 
bounded, uniformly in t G I and n, and (5.6) (and hence (ii)) follows. 

It remains to prove (iii). By using the Cauchy-Schwarz inequality and applying Propo- 
sition 3.1, we see that for m,n G N, 

eU krm-<(T s ")i 2 d S } 

< 2E[J* - <(T™)| 2 d S } + 2eU Ws(TD ~ ^(T s ")| 2 d S j 

< 2ES [ j\aT-<Jl l \ 2 LTds}+ 2^{^Y|| |^™ll||oo f K(T™) - <(T r ")| 2 dr) dsX. 

First applying Gronwall's lemma, then letting t = 1 (noting that {£"} is uniformly 
integrable, thanks to part (ii) above) we obtain that 



i 

n/rrin\ |2 



< 



E{ I K*(27)-<r?(2?)|'d a 

< 2cxp{2C 2 }i?|^ 1 \o? - < l \ 2 L7d S } — 

as m, n — > oo since {cr™} converges in L 1 ' 2 . Thus, {a n (T Ii )} is a Cauchy sequence and it 
converges in L 2 (W; L 2 (I)). This completes the proof. □ 

Proof of Theorem 5.1. First, we recall from Lemma 5.3(i) and (iii) that the sequence 
{(7 n (T n )} is bounded in L 1 ' 00 and convergent in L 1,2 . Let a G L 1 ' 00 be the limit process 
of shift processes {a n (T n )} and define the family of transformations {Tt , t G /} by 

A ptAs 

(T t u)) s =uj s + K H (s 1 r)a r (uj)dr, /i-a.e. (5.7) 
Jo 

Proposition 3.3, together with Lemma 5.3(h), then shows that T t is absolutely continuous 
and {cr™(T™)} converges to cr t {T t ) in L 2 (W) for t G /. In other words, <r t = <r t (T t ), /U-a.e., 
for any i G / and {T t , t G 7} satisfies 

/■tAs 

(T t oj) s =uj s + / if ff (s,r)cr r (T r w)dr, fj-a.e. (5.8) 
Jo 

The uniqueness of {T t ,£ G /} can be obtained easily by using Gronwall's lemma. 
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Next, recall from Remark 5.2(H) that there exist transformations {A" t ,0 < v < t < 1} 
satisfying 

ptAs 

(Al t u) s =«,-/ K H (s, r)a?(A? tt u) dr, fx-a.e. 

J vAs 

for every n. Following an argument similar to that of Lemma 5.3(H), one can show that 
the family of densities {£" t = dAt ° ( '^ ,f ' > — , < v < t < 1} is uniformly intcgrable. Hence, 
using the same argument as was used for (5.7), one can show that the limit of {cr™(A™ t )} 
in L 1 ' 2 exists for any t G I and denote this by {a v j,0 < v < t} G L 1 ' 00 . Furthermore, 
similar to (5.8), one can also argue that the transformations defined by 

A ftAs 

(A Vtt u) s = u s - K H (s,r)d- r j(uj)dr 7 fi-a.e. (5.9) 

JvAs 

are unique and absolutely continuous, and that {A Vt t, < v < t < 1} satisfy 

ptAs 

(A Vit u)) s =uJ s - K H (s,r)a r (A r! tui)dr, fi-a.e. 



We now check that for each t G /, the transformation A t = A$j is the inverse of T t . 
Note that the <7 n (T™)'s are bounded in L 1,00 by Lemma 5.3. Applying Proposition 3.3 
to {(Ju{Tl 1 )} and {A' t 1 }, and using (5.7) as well as (4.11), we conclude that {<(A" t ) = 
cr™(T™A™),0 < v < t} converges to a v (A t ) for any t G /. As a result, a Vi t = si v (A t ) in 
L 2 (W), < v < t < 1. By setting v = and substituting T t cu for w in (5.9), we have 



(A t (Ttu)) s = {Ttu) a - / K H {s,r)a r . t {T t Lu)dr 
Jo 

= (T t u) s - K H (s,r)a r (A t T t ui)dr = uj s , /x-a.e. 
Jo 

Similarly, one shows that T t (A t uj) = u), /i-a.e. To wit, A t is the inverse of T t for any t G /. 

It remains to compute the densities of the transformations {A t ,t G /}. From Remark 
5.2(i), we see that for any n, 

£ t » = exp|-5(l [0>t] a™(T"a;)) - ^ K(T»| 2 d.s 

-J J\ D r°?) {T»D S K P»] dr ds | , M - 



a.e. 



Since the sequence {£", t G /} is uniformly integrable, by Proposition 3.3, it converges 
to the right-hand side of (5.1), which is the density of {A tl t G /}. This completes the 
proof. □ 
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6. Stochastic differential equations driven by fBM 

In this section, we fix the Hurst parameter H G (0, 1) and denote B H by B for simplicity. 
Also, we will use the conventional notation J Q u s dB s to denote (5(l[ t ]u) if l[o,t]« G 
Dom(<5) for t E I. Note that since H can be arbitrary, the Skorokhod integral should 
often be understood in the general sense defined by [11]. 

We consider the stochastic differential equation in the Skorokhod sense 

X t =X + [ a s X s AB s + f b(s,X s )ds, t€l, (6.1) 
Jo Jo 

where Xq G L p (W) for some p > 2, a G L 1 ' 00 and 6:/ x 1 x W h>K is a measurable 
function satisfying the following condition for /i-a.c. u € W: 

HI. There exist an integrable function *y t > on I and a constant A/ > such that 

(i) jg 1 7t At < M and |6(i, 0, u)\ < M for any t £ /; 

(ii) \b(t,x,u) - 6(t,y,o;)| < 7 t |x - y\ for all i,j/6l, t G /. 

Our plan of attack is as follows. Since a G L 1,00 , by Theorem 5 .1, we know that the 
family of transformations on W defined by 

A ftAa 

(T t Lj) s =w s + K H \s,r)<T r (T r uj)Ar, s,t £ I , fx-a.e., 
Jo 

exists and is unique. Also, there is a corresponding family of inverse transformations 
{A t ,t G /}. Using the transformations T and A, we can define a change of probability 
measure using the density of T, and we show that the SDE becomes a much simpler 
one under the new probability measure. To carry out this scheme, we need the following 
lemma regarding the temporal derivatives of the image processes under transformations 
T and A. 



Lemma 6.1. (i) Suppose that F = {F t ,t G 7} G L 5 and the mapping 1 1— > F t (-) is differ- 
entiate. Then {F t (T t ),t G 1} is differentiate with respect to t and it holds that 

^ t [F t (T t )] = (^F t yT t )+a t (T t )(D t F t )(T t ), p-a.e. (6.2) 

(ii) For any G €S, the mapping tt— > G(A t ) is differentiate and it holds that 

jG{A t )=-a t D t [G{A t )}, M -a.e. (6.3) 

Proof. Assume that F G L 5 takes the form F t (uj) = gt((Sr tl \,(j), . . . , (Sr t \,&)), < t\ < 
■ ■ ■ < t n < 1, where g is a bounded measurable function on I x W l with g t G C£°(M. n ) for 
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each t e I and 8j.\ is the Dirac 8- function. Since F t {T t uj) = gt((8s tl \,Ttui), . . . , (£{*„}, T t oj)), 
we need only check the differentiability of (8{ t .y,T t uj) for any i. Indeed, 



tAti 

W ti + / X H (t J ,r) ( j r (T r w)dr 



# ff (MM?tw) = ir H *(* {tt} )(t)cr t (T t w), /*■ 



a.e. 



Now applying the chain rule (2.12) and the definition of derivative operator (2.10), we 
have 

j / j \ n 

j-MTtu,)] = (^F t ) (T t u)) +J2digt((S { t l} ,T t w),. . . , (8 {tn} ,T t w))K H *(8 {u} )(t)a t (T t u) 
^ ' i=l 

^F t J (T t w) + (D t F t )(T t uj)(Tt(T t u)), /i-a.e., 

proving (i). To prove (ii), we first note that by following the same argument as was 
used for Proposition 4.5, one can show that the process {G(A t ),t e 1} £ L s for G E S. 
Therefore, from part (i) above, we obtain 

° = ^t G= ^t G{AtTt)= (^(A t ))(T t ) + a t (r t )A[G(A t )](r t ), /.-a.e. 
Thus, part (ii), and hence the lemma, follows. □ 

As in Theorem 5.1, we denote the densities of A t and T t by Lt and Lt, respectively. 
Let us now consider the following ordinary differential equation for any fixed u> £ W: 

Z t (uj 1 x)=x + [ L~ 1 (T s Lu)b(s,L s (T s u)Z s (uj,x),T s uj)ds, xeR,teI. (6.4) 
Jo 

It is known from ODE theory that under Assumption (HI), the unique solution 
Zt(uj,x), t>0, depends continuously on the initial state x. Thus, the mapping (t,u) t— > 
Zt(tjJ , Xq(u))) defines a measurable process. Let us now set 

X t = L t Z t (At,X Q (A t )), tel. (6.5) 

The main result of this paper is the following theorem. 

Theorem 6.2. The process {Xt,t £ 1} in (6.5) satisfies l[ , T ]crA £ Dom(<5) for all r £ I 
and X £ L 2 (W;L 2 (I)) is the unique solution of the SDE (6.1). 

Proof. Existence. We will show that l[ , r ]crX £ Dom(<5) for r £ / and that SDE (6.1) 
holds. To this end, let GeS and denote Z t (-,X (-)) by Z t (X ). Using (6.5), we have 



E { G l 1 to.r](*)^ dB *}=- E {^ tr t X t D t Gdt} 



= E {j Q <TtL t Z t (A t ,X Q (A t ))D t Gdt 
= #{^ at(T t )Z t (X )D t G(T t )dt 
Applying Lemma 6. 1 (i) and integration by parts, (6.6) becomes 

E {I a t(Tt)Z t (X Q )D t G(T t )dt^ = E {f z t( x o)-^G(T t )dt 
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E{ Z T (Xo)G(T t ) - Z (Xo)G (6.7) 

io™) g(i;) * 



Next, using ODE (6.4) as well as the fact that L^ l (T t ) = C t is the density of A t , (6.7) 
yields that 



E^Z T (X )G(T T ) - Z (X )G - J Li 1 {T t )b(t,L t (T t )Z t (X ),T t )G(T t )dt^ 

= E{L T Z T (A T ,X (A T ))G} - E{Z (X )G} - e(J b(t,L t Z t (A t ,X (A t )))Gdt^ 

= E{X T G}-E{X a G}-E^ b(t,X t )Gdt\=E^G(x T -X Q - J 6(t,X t )dtH. 
This, together with (6.6), leads to the fact that for any G £ S, 

e\g j l [0>T] (t)cr t X t dBt^ = E^G(x T -X - J b(t,X t )dt 



Since X T — Xq — b(t, X t ) dt is square-integrable, we deduce that {l[o !r ]crX, r £ 1} be- 
long to Dom(<5) and X satisfies (6.1). 

Uniqueness. Let Y £ L 2 (W; L 2 (I)), where lm ^aY £ Dom((5) for all t £ /, be any solu- 
tion of equation (6.1), that is, 



Y t =X + [ a s Y s dB s + [ b(s,Y s )ds, tel. 
Jo Jo 



(6.8) 



We consider a fixed t£ I and a random variable G £ S. Multiplying both sides of (6. 
by G(A t ) and taking expectations, it becomes 

E{Y t G{A t )} = E{Y G(A t )} + eU D s [G(A t )]a s Y s dsj + E^J b(s, Y s )G(A t )ds 
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Since G(A t ) = G(A S ) — J"' a r D r [G(A r )] dr for any s <E [0, t] by Lemma 6.1 (ii) , we obtain 



(6.9) 



E{Y t G{A t )} =E{Y G}-e!y ^ a r D r [G(A r )]dr 

+ e[J q D s [G(A a )]a s Y s ds\-EU D s J o r D r [G{A r )] dr 
+ b(s,Y s )G(A s )ds^-Ey^ b{s,Y s )J^ a r D r [G(A r )] dr ds j 

= E{Y G}+eU D s [G(A s )]a s Y s ds^+EU b(s, Y S )G(A S ) dsj 
-^jY <r r A.[£?(A.)]Y drj --^jy J D s [a r D r [G{A r )]]a s Y s dsdr 

-E^J a r D r [G(A r )} J 6(s,y s )dsdr|. 

Here, the last equality is due to Fubini's theorem. Now, by definition of the Skorokhod 
integral, 

E^J J D s [a r D r [G(A r )]}a 3 Y 3 dsdr\=E^ a r D r [G(A r )] J tr.y.dfl.drj. 

Note that because the density of A t is £ t = L t " 1 (T t ) and Y satisfies (6.8), (6.9) can be 
rewritten as 



E{Lt\T t )Y t (T t )G} =E{Y G} + Ey D s [G{A s )]a s Y s ds 

+ E {J o b(s,Y s )G(A s )dsj-E^j^ a r D r [G(A r )]Y r dr\ 
= E{Y G} + E^J b(s,Y 3 )G(A s ) ds 



= s{y G} + i?|y t i s - 1 (r s )6( s ,y s (r s ))Gd s |. 



Since the smooth random variable G is arbitrary, we have 



L- 1 (T t )Y t (T t ) = Y Q + [ L;\T s )b( Sl Y s (T s ))ds 
Jo 

= Y + f L7 1 (T ;j )6(.s,L s (r s ) J L7 1 (r s )y(T s ))d s , M -a.e. 
Jo 
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That is, L t 1 (T t )Y t (T t ) is a solution of equation (6.4). By the uniqueness of the ODE, we 
must have L^ 1 {T t )Y t (T t ) = Z t {-, Y t ). Consequently, 

Yt = L t Zt(At,Y (A t )) = X t , M-a-e., 

which is the unique solution of SDE (6.1). This completes the proof. □ 
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